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Abstract Asymptotic analysis on some statistical properties of the random binary-tree
model is developed. We quantify a hierarchical structure of branching patterns based on
the Horton-Strahler analysis. We introduce a transformation of a binary tree, and derive a
recursive equation about branch orders. As an application of the analysis, topological self-
similarity and its generalization is proved in an asymptotic sense. Also, some important
examples are presented.
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1 Introduction

Branching patterns are universal in nature, including river networks, blood vessels, and den-
dritic crystals [1, 2]. They usually exhibit intricate forms (some patterns have been treated
as fractal or multifractal objects). Branching structures are also fundamental and important
tools for illustrating some data structures in computer science [3] and the classification of
species in taxonomy [4]. Data structures and classification trees are simply graph-theoretic
objects, and they have no geometrical structures such as length, angle and spatial symmetry.
Instead of geometrical properties, topological (or graph-theoretic) properties are important
for the analysis of such conceptual trees.

The topological structure of a branching pattern is expressed by a binary tree if the pattern
is loopless and all the branching points are two-pronged. A binary tree can be regarded
as a nested structure of the parent-child relations of nodes (see Fig. 1). In order to derive
quantitative characteristics about binary trees, Horton [5] has introduced the idea of branch
ordering. For mathematical convenience, Horton’s method has been refined by Strahler [6].
The basic idea of their method is the assignment of numbers, referred to as the Horton-
Strahler index, to the nodes of a binary tree.
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Fig. 1 A binary tree of
magnitude 6. Nodes are
represented by open circles, and
the numbers on them are the
corresponding Horton-Strahler
indices

The Horton-Strahler ordering for a binary tree is defined recursively as follows (see also
Fig. 1): (i) each leaf is assigned the order 1, (ii) a node whose children are both r th is
assigned r +1, (iii) a node whose children are r1th and r2th (r1 �= r2) is assigned max{r1, r2}.
In a binary tree, r th branch is defined as a maximal path connecting r th nodes. The ratio
of the number of branches between two subsequent orders is called bifurcation ratio. It has
been revealed that the bifurcation ratios become almost constant for different orders in some
actual branching patterns [6–11], which is referred to as topological self-similarity [12, 13].
As a typical instance, many river networks possess their bifurcation ratios between 3 and
5 irrespective of orders [5, 12, 13]. The relevance of two types of self-similarity, ‘original’
self-similarity and topological self-similarity, has been considered in ramification analysis
[14–19].

The number of leaves of a binary tree is called magnitude, and let �n denote the set of
topologically different binary trees of magnitude n. The number of the elements of �n is
given by

��n = (2n − 2)!
n!(n − 1)! ≡ cn−1, (1)

which is known as the (n − 1)th Catalan number [20]. One of the simplest model of a
branching structure is called the random model [21], where all the binary trees in �n emerge
randomly. More accurately, the random model is a probability space (�n,P ), where P rep-
resents the uniform probability measure on �n, i.e., every binary tree T ∈ �n has the same
statistical weight 1/cn−1. We denote by En[·] an average over �n. We introduce a random
variable Sr,n : �n → N ∪ {0} such that Sr,n(T ) represents the number of r th branches in a
binary tree T ∈ �n. Specifically, S1,n(T ) ≡ n for all the binary tree T ∈ �n.

The r th bifurcation ratio Rr,n on (�n,P ) is defined as

Rr,n = En[Sr,n]
En[Sr+1,n] (r = 1,2, . . .),

and topological self-similarity has been confirmed in the case where magnitude n is suffi-
ciently large. In fact, Moon [22] has derived

En[Sr,n] = 41−rn + 1 − 41−r

6
+ O(n−1),

and

Rr,n = 4 − 4r

2n
+ O(n−2) → 4 (n → ∞). (2)
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Fig. 2 An illustration of �n for
n = 12: (i) removal of the leaves
of T , (ii) contraction

Therefore, the random model is topologically self-similar in an asymptotic sense, and the
limit value of Rr,n is 4. Moreover, the present authors [23] have derived

En[Sp
r,n]

En[Sp

r+1,n]
= 4p − 4p+r−1p2

2n
+ O(n−2) → 4p, (3)

and this relation can be regarded as a generalization of (2). Other results on the Horton-
Strahler analysis and tree structures are found in Refs. [24–33].

In the present paper, we focus on a random variable f (Sr,n), where f : N ∪ {0} →
R (or C) is a certain function (further assumptions for f are stated in Sect. 3). We first
derive a recursive relation between En[f (Sr,n)] and Em[f (Sr−1,m)]. Then, we also derive
the asymptotic form of En[f (Sr,n)], and show topological self-similarity about f (or simply
referred to as generalized topological self-similarity), in the sense that f -bifurcation ratio

Rf
r,n = En[f (Sr,n)]

En[f (Sr+1,n)]
is asymptotically independent of r . Clearly, R

f
r,n is reduced to Rr,n when f (x) = x.

2 Transformation of Binary Tree

First, we introduce a transformation �n. For a binary tree T ∈ �n, a new binary tree �n(T )

is constructed from the following two steps: (i) remove all the leaves from T , (ii) if a node
with only one child appears, such a node is merged with its child (this operation is called
contraction in graph theory). Figure 2 illustrates these two steps. The magnitude of �n(T )

is at most �n/2	, because a pair of first-order branches is needed to create a second-order
branch. Hence,

�n : �n →
� n

2 	⋃

m=1

�m.

We introduce �m
n = �−1

n (�m), which is explicitly expressed as �m
n = {T ∈ �n;S2,n(T ) =

m}. Clearly, each binary tree T ∈ �n belongs to some �m
n , and this number m is uniquely de-

termined as m = S2,n(T ). Therefore, {�m
n }m is a partition of �n (see Fig. 5(a) for reference),

that is,

�n =
� n

2 	⋃

m=1

�m
n , �m

n ∩ �m′
n = ∅ (m �= m′).

By definition, we have Sr−1,m(�n(T )) = Sr,n(T ) if T ∈ �m
n , and we regard that this is a

relation which connects variables about two subsequent orders (r th and (r − 1)th). For ex-
ample, as for the binary tree T in Fig. 2 (n = 12, m = 4), we can easily check the following
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Fig. 3 Some binary trees are
mapped to the identical binary
tree by �n. The multiplicity in
this case is μ2

5(τ ) = 6 (n = 5,
m = 2)

Fig. 4 An example of �−1
n (τ ) for n = 11 and m = 3: (a) an initial binary tree τ ∈ �m, (b) a pair of nodes is

attached to each leaf of τ (indicated by the dashed lines), (c) intermediate nodes (black nodes in the figure)
are added, (d) new leaves (hatched nodes) are attached to the intermediate nodes, and (e) generated binary
tree

relations:

S1,m(�n(T )) = 4 = S2,n(T ), S2,m(�n(T )) = 2 = S3,n(T ),

S3,m(�n(T )) = 1 = S4,n(T ).

Note that the restriction �n|�m
n

: �m
n → �m is not one-to-one. That is, some binary trees

degenerate into the same binary tree by the action of �n (see Fig. 3 for example). Then, for
a binary tree τ ∈ �m (1 ≤ m ≤ �n/2	), we introduce the multiplicity of degeneracy

μm
n (τ) = �{T ∈ �n|�n(T ) = τ } ≡ ��−1

n (τ ).

In order to calculate μm
n (τ), we trace the inverse process �−1

n (τ ). As mentioned above,
�n is a removal of the leaves of a binary tree, and multiplicity μm

n is concerned with a
contraction process. Thus, the inverse process �−1

n (τ ) can be formed by attaching n leaves
to τ in the following way.

(i) A pair of nodes is attached to each leaf of τ .
(ii) n − 2m ‘intermediate’ nodes are added in the form of a chain, which is the inverse of

contraction. The number of different ways of adding amounts to
(

n−2
n−2m

)
.

(iii) n − 2m leaves are attached to the nodes added in (ii). Each leaf can be attached inde-
pendently from either left or right, thus the total number of ways of choosing sides is
given by 2n−2m.

A series of procedures is presented in Fig. 4. From these steps, the total multiplicity μm
n (τ)

is calculated as

μm
n (τ) =

(
n − 2

n − 2m

)
2n−2m. (4)
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Fig. 5 A schematical illustration
of �m

n , �n, and μm
n . (a) {�m

n }m
is a partition of �n, and
�n(�m

n ) = �m. (b) The open
and solid circles represent
individual binary trees (the
elements of �m

n and �m,
respectively). The elements in
�m

n can be arrayed rectangularly,
where the vertically aligned
elements in �m

n are mapped to
the identical binary tree in �m

The calculation of (4) and the above process (i)–(iii) only involve n and m, and μm
n (τ) is

equal for each τ ∈ �m. Therefore, we hereafter write μm
n ≡ μm

n (τ) with no confusion (in
other words, �−1

n (τ ) = μm
n for all τ ∈ �m). Since the transformation �n : �m

n → �m is
surjective (onto), the elements of �m

n can be aligned as in Fig. 5(b). The relation between
�m

n , �m, and μm
n is expressed as

μm
n = ��m

n

��m

. (5)

By (1), (4), and (5), the number of the elements of �m
n is expressed as

��m
n = μm

n · ��m =
(

n − 2

n − 2m

)
2n−2m (2m − 2)!

m!(m − 1)! = (n − 2)!2n−2m

(n − 2m)!m! (m − 1)! .

Therefore, the average of random variable f (Sr,n) is expressed as

En[f (Sr,n)] = 1

cn−1

∑

T ∈�n

f (Sr,n)(T )

= 1

cn−1

� n
2 	∑

m=1

∑

T ∈�m
n

f (Sr,n)(T )

= 1

cn−1

� n
2 	∑

m=1

∑

T ∈�m
n

f (Sr−1,m)(�n(T ))

= 1

cn−1

� n
2 	∑

m=1

μm
n

∑

τ∈�m

f (Sr−1,m)(τ )

= 1

cn−1

� n
2 	∑

m=1

μm
n cm−1Em[f (Sr−1,m)]

= n!(n − 1)!(n − 2)!
(2n − 2)!

� n
2 	∑

m=1

2n−2m

(n − 2m)!m!(m − 1)!Em[f (Sr−1,m)]. (6)

Equation (6) is a recursive relation about r th variable f (Sr,n) and (r − 1)th variable
f (Sr−1,m). The present authors [23] have derived a similar recursive equation for the pth
moments En[Sp

r,n] and Em[Sp

r−1,m]. Compared with the former result, (6) is more general
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and derivation is much easier. Yekutieli and Mandelbrot [24] have derived that the value

n!(n − 1)!(n − 2)!2n−2m

(2n − 2)!(n − 2m)!m!(m − 1)

is the probability of finding a binary tree of magnitude n with m branches of order 2.

3 Asymptotic Expansion of En[f (Sr,n)]

In this section, we derive the asymptotic form of En[f (Sr,n)] by using the recursive equa-
tion (6). First, f (S1,n(T )) = f (n) is a constant on �n because of the property S1,n(T ) ≡ n

(T ∈ �n). Thus, we note the formula En[f (S1,n)] = En[f (n)] = f (n). Let us assume that
the function f has the following expansion:

En[f (S1,n)] ≡ f (n) = a1n
k + b1n

k−1 + O(nk−2). (7)

Throughout this paper, we consistently use the symbols a and b to signify the coefficients of
first and second leading terms respectively, and k to signify the leading order of the expan-
sion. Equation (7) is the Laurent expansion of f around infinity. This type of expansion is
valid if f does not have an essential singularity at infinity. Polynomial and rational functions
are typical examples of such functions, and as we see in the following section, important ran-
dom variables in the Horton-Strahler analysis are mostly polynomial or rational functions
of Sr,n. Hence, even if (7) is supposed, a sufficient large class of important random variables
on �n is within the scope of the analysis.

We regard (7) as the initial condition of the recursive equation (6). We also assume that
En[f (Sr,n)] has the form

En[f (Sr,n)] = arn
k + brn

k−1 + O(nk−2), (8)

where the coefficients ar and br are independent of n.
According to Ref. [23], the asymptotic form of the pth moment of S2,n is expressed as

En[Sp

2,n] = 1

cn−1

� n
2 	∑

m=1

μm
n cm−1m

p =
(

n

4

)p(
1 + p2

2n

)
+ O(np−2). (9)

By substituting (8) into (6) and using (9), the average of f (Sr,n) can be calculated as

En[f (Sr,n)] = 1

cn−1

� n
2 	∑

m=1

μm
n cm−1

(
ar−1m

k + br−1m
k−1 + O(mk−2)

)

= ar−1En

[
Sk

2,n

] + br−1En

[
Sk−1

2,n

] + O(nk−2)

= ar−1

(
n

4

)k(
1 + k2

2n

)
+ br−1

(
n

4

)k−1

+ O(nk−2)

= ar−1

4k
nk +

(
br−1

4k−1
+ k2ar−1

2 · 4k

)
nk−1 + O(nk−2). (10)
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Comparing O(nk) terms of (8) and (10), we get a recursive equation about {ar}r∈N:

ar = ar−1

4k
,

and the general solution ar is

ar =
(

1

4k

)r−1

a1. (11)

Similarly, O(nk−1) terms yield an equation about {br}r :

br = br−1

4k−1
+ k2ar−1

2 · 4k
= br−1

4k−1
+ k2a1

2

1

4kr
.

The general solution of this equation is given by

br =
(

1

4k−1

)r−1

b1 + k2a1

4k

4r−1 − 1

6
. (12)

Substituting (11) and (12) into (10), one can obtain

En[f (Sr,n)] =
(

n

4r−1

)k{
a1 + 1

n

(
4r−1b1 + 4r−1 − 1

6
k2a1

)}
+ O(nk−2). (13)

Equation (13) is the asymptotic expansion of En[f (Sr,n)].
A similar formula can be derived for a multi-variable function such as f (S1,n, S2,n) (two-

variable), f (S1,n, S2,n, S3,n) (three-variable) and so on. For example, assuming that a two-
variable function f has the following expansion

En

[
f (S1,n, S2,n)

] = a1n
k + b1n

k−1 + O(nk−2), (14)

then the asymptotic form of En[f (Sr,n, Sr+1,n)] is expressed as

En

[
f (Sr,n, Sr+1,n)

] =
(

n

4r−1

)k{
a1 + 1

n

(
4r−1b1 + 4r−1 − 1

6
k2a1

)}
+ O(nk−2). (15)

4 Generalized Topological Self-similarity

Using the asymptotic expansions (13) or (15), we can easily show generalized topological
self-similarity. The asymptotic formula of a generalized bifurcation ratio R

f
r,n is calculated

as

Rf
r,n ≡ En[f (Sr,n)]

En[f (Sr+1,n)] = 4k − 4k+r−1(6b1 + a1k
2)

2a1n
+ O(n−2) → 4k as n → ∞. (16)

Therefore, on the random binary-tree model, topological self-similarity about f is con-
cluded in an asymptotic sense, if f has an expansion as in (7) or (14). Note that the first
and second leading terms in (16) consists of a1, b1 and k, which are given in (7) as the initial
condition. We also note that the limit value of R

f
r,n depends only on the dominant order k

of f .
Here, we provide three examples.
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1. We start from f (n) = nk (a1 = 1, b1 = 0), and En[f (Sr,n)] = En[Sk
r,n] is the kth moment

of Sr,n. In this case, (13) is reduced to

En[Sk
r,n] =

(
n

4r−1

)k(
1 + 4r−1 − 1

6n
k2

)
+ O(nk−2),

and the asymptotic form of R
f
r,n is

Rf
r,n = 4k − 4k+r−1k2

2n
+ O(n−2).

Thus, (3) is rederived from the formula (16).
2. We next consider the asymptotic property of the variance of Sr,n. By the definition S1,n ≡

n, var(S1,n) = 0 is easily obtained. The analytical expression of the variance of S2,n is
given by

var(S2,n) ≡ En

[
(S2,n − En[S2,n])2

] = n(n − 1)(n − 2)(n − 3)

2(2n − 3)2(2n − 5)
= n

16
− 1

32
+ O(n−1),

(17)
which has been obtained by Werner [25]. We think that var(S1,n) = 0 is exceptional.
Regarding (17) as the initial condition of calculation (a1 = 1

16 , b1 = − 1
32 , and k = 1), the

asymptotic form of var(Sr,n) is calculated as

var(Sr,n) = n

4r
− 1

48
− 1

6 · 4r
+ O(n−1).

Therefore, for sufficiently large n, the variance var(Sr,n) decreases almost exponentially
with an increase of r .

3. We next deal with a two-variable function f (S1,n, S2,n) = S2,n/S1,n(= S2,n/n). Accord-
ing to the result

En[S2,n] = n(n − 1)

2(2n − 3)

obtained by Werner [25], the initial condition (14) in this case is calculated as

En

[
S2,n

S1,n

]
= En

[
S2,n

n

]
= En[S2,n]

n
= n − 1

2(2n − 3)
= 1

4
+ 1

8n
+ O(n−2).

Thus, we have a1 = 1
4 , b1 = 1

8 and k = 0, and (15) yields

En

[
Sr+1,n

Sr,n

]
= 1

4
+ 4r−2

2n
+ O(n−2). (18)

On the other hand, by using (2),

En[Sr+1,n]
En[Sr,n] = 1

Rr,n

= 1

4
+ 4r−2

2n
+ O(n−2). (19)

In conclusion, from (18) and (19), we obtain

En

[
Sr+1,n

Sr,n

]
= En[Sr+1,n]

En[Sr,n] + O(n−2). (20)
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O(n−2) terms in the right hand side of (20) vanish only if r = 1, but when n is sufficiently
large, these terms can neglect even r ≥ 2.

5 Discussion

The random binary-tree model is highly simplified model, and its advantages are that ana-
lytical calculations can be widely performed, and that some of such calculations are valid
for some actual patterns. Thus, the random model is important as a prototype of branching
systems. In addition, another significance of the random model is concerned with statistical
mechanics. A branching system with fluctuations can be regarded as a statistical ensem-
ble, and each binary tree in �n represents a microscopic state. From this point of view, the
random model (�n,P ) is regarded as the microcanonical ensemble. (In fact, the uniform
measure P corresponds to the principle of equal weight.) Therefore, the random model is
helpful for the theoretical foundation of the statistical physics of branching systems.

We proved topological self-similarity about f on the random model, and we expect that
such generalized topological self-similarity is also valid for some actual branching patterns.
For example, topologically self-similar patterns, such as river networks, are expected to be
topologically self-similar about f , for some class of f .

The random binary-tree model is a graph-theoretic model, where geometrical proper-
ties are all neglected. As a refinement of the Horton-Strahler analysis, ramification analysis
[14–17] describes how many side-branches emerge. Ramification analysis is also a topolog-
ical model, but it is connected with a fractal structure. Based on the methods and results in
this paper, we expect that some asymptotic properties of random variables in ramification
analysis are obtained, and that the more profound comprehension of a connection between
topological self-similarity and original self-similarity can be obtained.

6 Conclusion

We have first introduced the transformation �n in Sect. 2, and recursive equation (6) is
derived. Equation (6) can be solved asymptotically, if f (n) is expressed as in (7). Solu-
tion (13) is the asymptotic form of En[f (Sr,n)]. A similar result (15) can be obtained for a
two-variable function, and the generalization to multi-variable functions is straightforward.
Topological self-similarity about f is confirmed in (16). We have also presented some ex-
amples of calculations.

References

1. Fleury, V., Gouyet, J.-F., Léonetti, M.: Branching in Nature. Springer, Berlin (2001)
2. Ball, P.: Branches. Oxford University Press, Oxford (2009)
3. Knuth, D.: The Art of Computer Programming. Addison-Wesley, Reading (1968)
4. Schuh, R.T.: Biological Systematics: Principles and Applications. Cornell University Press, Ithaca

(2000)
5. Horton, R.: Bull. Geol. Soc. Am. 56, 275 (1945)
6. Strahler, A.N.: Bull. Geol. Soc. Am. 63, 1117 (1952)
7. Feder, J., Hinrichsen, E.L., Måløy, K.J., Jøssang, T.: Physica D 38, 104 (1989)
8. Ossadnik, P.: Phys. Rev. A 45, 1058 (1992)
9. Arenas, A., Danon, L., Díaz-Guilera, A., Gleiser, P.M., Guimerà, R.: Eur. Phys. J. B 38, 373 (2004)

10. Hahn, H.K., Georg, M., Peitgen, H.-O.: In: Fractals in Biology and Medicine, p. 55. Springer, Berlin
(2005)



Topological Self-similarity on the Random Binary-Tree Model 71

11. Binzegger, T., Douglas, R.J., Martin, K.A.C.: Cereb. Cortex 15, 152 (2005)
12. Halsey, T.C.: Europhys. Lett. 39, 43 (1997)
13. Halsey, T.C.: Phys. Today 53(11), 36 (2000)
14. Tokunaga, E.: Geogr. Rep. Tokyo Metrop. Univ. 13, 1 (1978)
15. Tokunaga, E.: Jpn. Geomorph. Un. 5, 71 (1984)
16. Tokunaga, E.: In: Takaki, R. (ed.) Research of Pattern Formation, p. 445. KTK Scientific Publishers,

Tokyo (1994)
17. Tarboton, D.G.: J. Hydrol. 187, 105 (1996)
18. Vannimenus, J., Viennot, X.G.: J. Stat. Phys. 54, 1529 (1989)
19. Turcotte, D.L., Pelletier, J.D., Newman, W.I.: J. Theor. Biol. 193, 577 (1998)
20. Stanley, R.P.: Enumerative Combinatorics. Cambridge University Press, Cambridge (1999)
21. Shreve, R.L.: J. Geol. 74, 17 (1966)
22. Moon, J.W.: Ann. Discrete Math. 8, 117 (1980)
23. Yamamoto, K., Yamazaki, Y.: Phys. Rev. E 78, 021114 (2008)
24. Yekutieli, I., Mandelbrot, B.: J. Phys. A, Math. Gen. 27, 285 (1994)
25. Werner, C.: Can. Geogr. 16, 50 (1972)
26. Smart, J.S.: Geol. Soc. Am. Bull. 80, 1757 (1969)
27. Meir, A., Moon, J.W., Pounder, J.R.: SIAM J. Algebr. Discrete Methods 1, 25 (1980)
28. Ruskey, F.: SIAM J. Algebr. Discrete Methods 1, 43 (1980)
29. Gupta, V.K., Waymire, E.: J. Hydrol. 65, 95 (1983)
30. Devroye, L., Kruszewski, P.: Inf. Process. Lett. 56, 95 (1995)
31. Prodinger, H.: Theor. Comput. Sci. 181, 181 (1997)
32. Toroczkai, Z.: Phys. Rev. E 65, 016130 (2001)
33. Yamamoto, K., Yamazaki, Y.: J. Phys. A, Math. Theor. 42, 415002 (2009)


	Topological Self-similarity on the Random Binary-Tree Model
	Abstract
	Introduction
	Transformation of Binary Tree
	Asymptotic Expansion of En[f(Sr,n)]
	Generalized Topological Self-similarity
	Discussion
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


